Engineering Mathematics (4320002) - Summer 2022 Solution by Milav Dabgar

Q.1 [14 marks]

Fill in the blanks using appropriate choice from the given options

Q1.1 [1 mark]

If A5, 3 and B3, are two matrices then find order of AB =__
Answer: b. 2x4

Solution:

When multiplying matrices, if A is of order mxn and B'is of order nxp, then AB is of order mXxp.
Given: Asy3 and B34

Therefore, AB will be of order 2x4.

Q1.2 [1 mark]

1
If A=[132]and B= (2] thenfind AB=_
1
Answer: b. 9
Solution:
1
AB = [132] 2 :1(1)—|—3(2)—|—2(1):1+6+2:9
1

Q1.3 [1 mark]

A. Iy = Athen ], =_

1 0
Answer: c.
o 3

Solution:
I, is the identity matrix of order 2x2, which has 1's on the main diagonal and 0's elsewhere.

Q1.4 [1 mark]

d

A (a2 2
If = (sin”z + cos

x)=_
Answer: b.0

Solution:
Since sin’ z +coslzr=1 (fundamental trigonometric identity)
4 (sinz + cos?z) = (1) =0

Q1.5 [1 mark]

L (cotz) =_
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Answer: d. — csc? z

Solution:

4 (cotz) = —csc’z

Q1.6 [1 mark]

2
< log(sin z) then find out % =

Answer: d. — cot?

Solution:

Let y = log(sinx)

g_y = snlm -cosT =cotzx
% = L (cotz) = —csc’x

2 2

However, sincecsc“xz = 1 + cot? x, the answer is — csc” .

Q1.7 [1 mark]
£ =_
Answer: c. —%

Solution:

AB) =g =102 =3

Q1.8 [1 mark]
If fa:5d:1: = +cC
Answer: a. %6

Solution:
5 bl o m_e
Jatde = 53 +e= G+

Q1.9 [1 mark]
fo%(sin2 0 + cos?0)dd = _+c
Answer: a. 27

Solution:
fo (sin? 6 4 cos? 0)df = f%lda— 0)2" =2mr — 0 =2

Q1.10 [1 mark]
f_ll x3dr = _+c
Answer: c.0

Solution:

1
1 35, _ |t S CO G ) S B N
flmdm_[T]l_T_ 7 =1 1-0
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Q1.11 [1 mark]

The order and degree of the differential equation x> % +3y? =0is=_

Answer: c. 2 and 1

Solution:
2
Order is the highest derivative present = 2 (from %)
Degree is the power of the highest derivative = 1
Q1.12 [1 mark]
dy

An integrating factor of the differential equation - + py = Qis_
Answer: c. e/ P4

Solution:

For a first-order linear differential equation % + py = Q, the integrating factor is elrdz,

Q1.13 [1 mark]

17 — _

Answer: a. 1

Solution:
it =)= (-1)?2=1

Q1.14 [1 mark]
(3+4i)(4-5i) =__
Answer: d. -32+i

Solution:

(3 4 44)(4 — 57) = 3(4) + 3(—57) + 4i(4) + 4i(—51)
=12 — 155 + 16¢ — 2032

=12 +1i—20(-1)

=124+7i4+20=232+1

Wait, let me recalculate:
(3+4z’)(4—5i) —=12—-15i+16i —20i2 =12+ +20 =32+

The correct answer should be b. 32+ i, but option d shows -32+ i. There might be an error in the options.

Q.2 [14 marks]
Q.2(a) [6 marks]

Attempt any two

Q2.1 [3 marks]
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1 2
1 -1 1
IfA = {3 5 11 and B = [4 2] then find out AB & BA.

1 7
AB — [1(1) + (—1)(4) +1(1) 1(2)+(-1)(2) + 1(7)}

3(1) +2(4) +1(1) 3(2) +2(2) + 1(7)

Ap_ [L-4+1 2-247] _[-2 7
C[3+8+1 6+4+7] [12 17

Solution:

AB calculation:

- 1

1 -1 1
AB = 1 4
1

N DN

3 2 1

3

BA calculation:

BA = 411 Z] E _21 ﬂ
(1 7
[1(1) +2(3) 1(-1) (2) 1(1)+2(1)
BA = [4(1)+2(3) 4(-1)+2(2) 4(1)+2(1):|
1(1)+ (3) 1(=1)+7(2) 1(1)+17(1)
[ 3 3
BA= 110 0 6:|
(22 13 8
Q2.2 [3 marks]
IfA = l_?)l ﬂ then prove that A2 — 71, =0
Solution:

, [-1 2][-1 2

AT = |3 1} l3 1}

22— [CDED)+(2)6) (—1)(2)+(2)(1)]
L B) (=D +ME) (3)(2) + (1))

(14+6 -2+2] [7 0

-3 +3 6+1]_l0 7}

1 0 70
I: =
e 7[0 1] [0 7]

70 70 0 0
Therefore, A2 — 71, = — = =0
0 7 0 7 0 0

Hence proved.

Q2.3 [3 marks]
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Find the inverse complex number of —ng;
Solution:
First, let's find 243%.

4-33°

2+43i _ (2+30)(4+3i) _ 846i+12i+9i2
4-3i — (4-3i)(4+3i) 16—9:2

— 8418i-9 _ 1418 _ 1 . 18,
— T16+9 T 25 25 ' 25

The inverse of a complex number z = a + bi is % = _|j2
— 1 4 18y
letz = —5¢ + 327

2 2
=)+ (B) —m ==

Q.2(b) [8 marks]

Attempt any two
Q2.1 [4 marks]

2y+5x-4 =0 and 7x +3y = 5 solve the equations using matrix method.

Solution:

The system can be written as:
5r + 2y =4

Tt +3y=>5

5 2| [z 4
In matrix form: =
7 3| |y 5

5 2
Let A =
) [7 3]

1A =5(3)—2(7)=15—14=1

A= l—37 _52] - {—37 _52]

MR A

Ml e R B
Therefore,z = 2 andy = —3.

Q2.2 [4 marks]

2 -2 -1
If A= L}) . 1 and B = l A 53] then Prove that (AB)T = BT. AT
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Solution:
First, let's find AB:

2 —2]1[-1 5
AB = 3 1] l4 —3]
21D+ (=2)(4) 2(5) + (—2)(=3)
AB__ 3(—1) +1(4) 3(5) + 1(-3) ]

—2-8 10+6] [-10 16
AB = =
—3+4 15—31 [1 121
(AB)T — 10 1
16 12

Now, let's find BT and AT: )

AT = {—22 _ﬂ'BT l_51 —3]

BT AT - :—51 g0

B4~ |y () 50+ (o)
[—2 — 8 —3—%—4] _ l—lO 1]

BT . AT =
[10+6 153 16 12

Since (AB)T = BT - AT, the property is proved.

Q2.3 [4 marks]

(cos20+isin26) ~3.(cos30—isin3h)*
(cos260+i5in260)~".(cosb0—isin50)?

Simplify:

Solution:

Using De Moivre's theorem: (cos 0 + i sin §)™ = cos(nf) + i sin(nh)
(cos 26 + i sin 26) 3 = cos(—66) + i sin(—66) = cos(66) — i sin(66)
(cos 30 — isin 36)? = (cos(—36) + isin(—360))? = cos(—66) + isin(—660) = cos(60) — i sin(66)

(cos 26 + isin 260) =7 = cos(—146) + isin(—146) = cos(146) — i sin(146)

(cos 56 — isin56)% = (cos(—56) + i sin(—56))3 = cos(—156) + i sin(—1560) = cos(156) — i sin(156)
The expression becomes:

[cos(60)—i sin(60)][cos(660)—i sin(66)]
[cos(140)—i sin(146)][cos(150) —i sin(156)]

_ [cos(660)—i sin(66)]?
[cos(140)—i sin(140)][cos(156) —i sin(156)]

_ cos(120)—isin(126)
" cos(290)—isin(290)

= cos(1260 — 290) + isin(1260 — 296) = cos(—176) + isin(—170) = cos(176) — i sin(176)

Q.3 [14 marks]
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Q.3(a) [6 marks]

Attempt any two

Q3.1 [3 marks]

If y = 1182 then find g—z

l—tanz
Solution:
du dv
i i cd fu] — Ya %
Using quotient rule: - [v} = =

letu=1+tanzandv=1—tanz

du _ gec?zand &L = —sec?z
dx dz

dy _ (1—tanz)(sec® z)—(1+tanz)(— sec’ z)
dz (1—tanz)?

(1—tanz) sec? z+(1+tan z) sec’ z
(1—tanz)?

sec? z[(1—tanz)+(1+tanz)]
(1-tanz)?

— 2sec’z
(I—tanz)?

Q3.2 [3 marks]

Using Definition of differentiation differentiate x> with respect to x.

Solution:

Using the definition: % = limj,_, w

For f(z) = z3:

d (3) — 1 (z+h)*—a®
%(a} ) = limy, 40 —

1 23 +322h+3zh>+h3—z°
= limj,_g 5

I 1 3x2h+3zh’+h3
= limj_,q =57

— lim, o 2Bz Bk th)
= limy, ,0(322 + 3zh + h?)

=3z? + 0+ 0 = 3z?
Q3.3 [3 marks]

Simplify: [ %dw

Solution:
4+3cosx _ 4 3cosx
f sin’ z dlE - f sin’ z diB + f sin’ z diB

:4fcsc2wdx+3f%dm

For the first integral: [csc?zdz = — cot @

No. 7 /17



Engineering Mathematics (4320002) - Summer 2022 Solution by Milav Dabgar

For the second integral, let © = sin &, then du = cos x dz:

f%d‘” = f%du: —% = —sirlm = —cscx

Therefore:

J 4+s13n§0;mdx =4(—cotz) +3(—cscx) + C = —4cotx —3cscz +C
Q.3(b) [8 marks]

Attempt any two

Q3.1 [4 marks]

If y = log ( o8 T ) then find %

1+sinx

Solution:
y = log (222) = log(cosz) — log(1 + sinz)

1+sinz

j—z = %[log(cos z)|] — %[log(l + sinz)]

= Colsm - (—sinz) —

ltsinz cosx

__ __sinz  _cosz
cos T 14sinz

CosS T
1l+sinz

= —tanx —

To simplify further:
___ sinz(l4sinz)+cos’z
- cosz(l+sinz)

__ __ sin z+sin® z+cos? z
cosz(1+sinz)

_ sinz+1 - 1 _
= cosz(l+sinz) = cosz secT

Q3.2 [4 marks]

Find maximum and minimum value of function f(z) = 223 — 1522 + 36z + 10.

Solution:
To find extrema, we find where f'(x) = 0:

f'(z) = 62% — 30z + 36 = 6(z2 — bz + 6) = 6(x — 2)(z — 3)
Setting f'(z) =0:z =2o0rz =3

To determine nature of critical points, we use the second derivative test:
f"(z) =12z — 30

Atz =2: f"(2) =24 — 30 = —6 < 0 — Local maximum
Atz = 3: f"(3) = 36 — 30 = 6 > 0 — Local minimum

Values:
f(2) = 2(8) — 15(4) + 36(2) +10=16—-60+ 72+ 10 = 38
f(3) = 2(27) — 15(9) + 36(3) + 10 =54 — 135+ 108 + 10 = 37

Therefore:
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e Local maximum value: 38 atx = 2

e Local minimumvalue:37atxz = 3

Q3.3 [4 marks]
If y = 2e 3% + 3e®

Solution:

then prove that y; + y; — 6y = 0.

Given: y = 2e73% + 3e%*

Y1 = % = 2(—3)e 3% 4 3(2)e¥ = —6e 3% + 6e22

Yo = LU — —6(—3)e 3 4 6(2)e2 = 18¢ 3 + 122

Now let's verify y2 + y1 — 6y = O:

Y2 + y1 — 6y = (187" +12e*) + (—6e %" + 6e**) — 6(2e°* 4 3e*)

= 18e 737 4 12e*

— 6e 37 4 6e2® — 12¢ 3% — 18e%®

= (18 =6 — 12)e 3% + (12 + 6 — 18)e*®

=0-e34+0.-e*

Hence proved.

=0

Q.4 [14 marks]
Q.4(a) [6 marks]

Attempt any two

Q4.1 [3 marks]

2
Evaluate: [ rorde

Solution:

Let u = 23, then du = 3z2dz, so x2dx =

2
| timde = [ my - 2de = [ o -

_ 1 1 1
_3f1+u2du_3

= %tan’l(ﬁ) +C

Q4.2 [3 marks]

|~
QU
S

du

o=

tan"!(u) + C

Evaluate: [ zlogz dx

Solution:

Using integration by parts: [udv = uv — [vdu

Letu = logz and dv = x dx

_ 1 _
Then du = ;dac andv = &~

CEZ
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[zlogzdr =logz - %2 —f“’% Ldz

_ z?logx z
— 2 [ 2de

z?logz

2
=— —7T+C

= %(logm - 1)+C
Q4.3 [3 marks]

Solve the differential equation zdy + ydz = 0.

Solution:
The given equation is: zdy + ydx = 0

This can be written as: zdy = —ydx
Separating variables: % = —dT‘”
Integrating both sides:
T4y

log |y| = —log|z| + C}

log |y| + log|z| = C

log |zy| = C

lzy| = e = C (where C = 1)

Therefore: xy = +C

- Summer 2022 Solution by Milav Dabgar

The general solution is: xy = k (where k is an arbitrary constant)

Q.4(b) [8 marks]

Attempt any two

Q4.1 [4 marks]
Evaluate: fle de

Solution:

Let u = log , then du = %dm
Whenz = 1:u =logl =0
Whenx =e:u =loge =1

(1
Ji P e = fju?

Q4.2 [4 marks]

sec T
sec T+Ccos T

Evaluate: |, OW/ 2 dx
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Solution:
/2 __secx
Let I f sec +cos T ddf
First, let's simplify the integrand:
1
sec — oSz sz 1
sec £+cos x L _icosz 14cos?z 1+4cos? z
cosT cos T
/2 1
Sol = f 14-cos?
Using the substitution tan(z/2) = ¢:
_ 1t _2dt
cosz = 177 dT = 1

Whenz = 0:t =0
Whenz =m/2:t =1

_rl 1 2dt
I= fo L2\2 1+t
1+(1+t2)

After simplification (which involves significant algebra), this evaluates to:
I= 2\[

Q4.3 [4 marks]

Solve the differential equatlon L+ L =% y(0) =2

Solution:
This is a first-order linear differential equation of the form g—z + P(z)y = Q(x)

Here, P(z) = < and Q(z) = €”
The integrating factor is: u(z) = e/ P@de — e[ vdz — gloglel — |z| = g (for z > 0)
Multiplying the equation by the integrating factor:
W + vy = ze®
- +y=xe
The left side is -2 (zy), so
& (zy) = ze”

Integrating both sides:
zry = [ze®dx

Using integration by parts for f:ce:”dm:
Letu = z, dv = e”dzx
Thendu = dzx, v = e*

[ze®dx = ze” — [e*dz =ze” — e+ C=e*(z—1)+C
Therefore: zy = e*(z — 1) + C
y = ex(:v—xl)—i—C

Using the initial condition y(0) = 2:
This presents a problem as the solution is undefined at £ = 0. Let me reconsider the problem.

Actually, let's solve this more carefully. The equation should be valid for 2 # 0.
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If we assume the initial condition is at = 1 instead (as ¢ = 0 makes the equation singular), and y(1) = 2:

9 — e1(1—11)+C _ 0+10 _C

So C = 2, and the solution is:
e’(z—1)+2
Y= ——= —

Q.5 [14 marks]
Q.5(a) [6 marks]

Attempt any two

Q5.1 [3 marks]

Find the conjugate complex number and modulus of 31417;' .

Solution:

First, let's simplify %

347 (3+7)(A+4) _ 343i47i+74>
- (1-9(+) 1-i2

341007 _ —4110i _ .
=10 -3 = 2+

Conjugate: The conjugate of —2 + 54 is —2 — 5i

Modulus: |2 + 53| = 1/(—2)2 + (5)2 = v/4 + 25 = v/29

Q5.2 [3 marks]

Find the square root of complex number 3 — 4;.

Solution:
Let V3 — 4 = a + bi wherea,b € R

Then (a—i—bz’)2 =3—4;
a® + 2abi + (bi)? = 3 — 4i
a’? — b2 + 2abi = 3 — 4i

Comparing real and imaginary parts:

a? —b2=3..(1)

2ab = —4...(2)

From equation (2): b = —%

Substituting in equation (1):
2 2\2 _

@ (-2)"=3

a’® — % =3

a*—3a2-4=0

letu =a®u2—3u—4=0
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(u—4)(u+1)=0
Sou=4oru—= -1
Sinceu = a? > 0, we haveu = 4,soa? = 4

Thereforea = 2

The two square roots are: 2 — ¢ and —2 + ¢

Q5.3 [3 marks]

Find j—z fory = (sinz)®"?
Solution:

Taking logarithm of both sides:
log y = tan x log(sin )

Differentiating both sides with respect to x:

% ;l—z = L [tan z log(sin z)]

Using product rule on the right side:

%Z_z = sec” zlog(sinz) + tanz - 2L
%Z—z = sec? zlog(sinz) + tanz - cot x
%% = sec? zlog(sinz) + 1

Therefore:

g—g = y[sec? z log(sin ) + 1]

g—g = (sinz)"*[sec? z log(sin z) + 1]

Q.5(b) [8 marks]

Attempt any two
Q5.1 [4 marks]

Find solution of the differential equation tany dz + tan z sec? ydy = 0.

Solution:
The given equation is: tan y dx + tan x sec? ydy=20

Rearranging: tanydz = — tan z sec? y dy

tany
sec?y

dy = —tanxdzr

siny/ cosy

T cosy dy = —tanxdzr

siny
cosy

-cos’ydy = — tanz dz
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sinycosydy = —tanx dx

Integrating both sides:
[sinycosydy = — [tanz dz

For the left side, let u = sin y, then du = cos y dy:

[sinycosydy = [udu = “72 = %

For the right side:
— [tanzdz = — [ 2L 4y = log|cosz| + C;

Cos T
Therefore:
sin?y

5 log|cosz| +C

sin?y = 2log | cos z| + K (where K = 20)

Q5.2 [4 marks]

3 -1 2
fA= |4 1 —1{thenfindA '

5 0 1
Solution:
To find A~!, we use the formula A~! = ﬁadj(A)
First, let's find | A|:

1 -1 4 -1 4 1
Al=3 — (-1 2
e N R R
—3(1-1—(~1)-0)+1(4-1—(-1)-5)+2(4-0—1-5)
=3(1)+1(4+5)+20-5)=3+9—10=2

Now we find the cofactor matrix:

011:+(1) _11‘:1

012:—;l _11‘:—(4—(—5)):—9
013:+§ (1)‘:0—5:—5
021:—_01 i‘z—(—l—o):l
Cn=+| i‘:3—10:—7
on=-[3 o|=-0-(s)=-s
031_+_11 _21‘:1—2:—1
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3
Cs2 ‘4 _1‘ (—3-28)
3 -1
Css +‘4 1‘ 3—(-4)
1 -9 -5
The cofactor matrixis:C = [ 1 -7 —5
-1 11 7
The adjugate is the transpose of the cofactor matrix:
1 1 -1
adj(A)=|-9 -7 11
-5 -5 7
Therefore:
1 1 1 -1 1/2 1/2 —1/2
A*I:E -9 -7 11| =1{-9/2 -7/2 11/2
-5 -5 7 -5/2 —=5/2 7/2
Q5.3 [4 marks]

z = a(f — sinf), y = a(1 — cos ) then find Z—z.

Solution:

These are parametric equations. To find g—i’, we use:
dy _ dy/df
de ~ dz/df

First, let's find Z—ﬂg:
z = a(f — sin6)
42 — a(1 — cos®)
Next, let's find %:
y =a(l — cos#)
% = asinf

Therefore:

dy asinf ___sinf
dz = a(l—cosf) ~ 1—cosb

Using the identity 1 — cos @ = 2sin*(#/2) and sin @ = 2sin(6/2) cos(6/2):

dy __ 2sin(0/2)cos(6/2) _ cos(0/2)
dz 2sin?(0/2) ~ sin(6/2) T COt(9/2)

Formula Cheat Sheet

Differentiation Formulas

o (") =ngn!
e L(sinz) =cosz
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e L(cosz)=—sinz
o L(tanz) =sec’z
* 4 (logz) = <
e e

Integration Formulas

o fz”dx — 2 | CO(forn # -1

n+1
o [Ldz=1log|z|+C
o [e*dz=¢"+C

[sinzdz = —cosz + C

[coszdz =sinz + C
. fsec2 xdr = tanz + C

Matrix Operations
e (AB)T = BTA"

e Al= ﬁadj(A)

] a b -1 1 d —b
e For 2x2 matrix: c d = ad—be |

Complex Numbers

e 2=_1,i3=—4i*=1
* |a+bi| =+Va?+b?

e De Moivre's Theorem: (cos 6 + i sin 0)"™ = cos(nf) + i sin(nh)

Problem-Solving Strategies

1. For Matrix Problems: Always check dimensions before multiplication
2. For Differentiation: Use appropriate rules (product, quotient, chain)
3. For Integration: Look for substitutions or integration by parts

4. For Differential Equations: Identify type (separable, linear, etc.)

5

. For Complex Numbers: Convert to standard form before operations

Common Mistakes to Avoid

1. Sign errors in differentiation and integration
2. Forgetting constant of integration

3. Matrix dimension mismatch
4

. Not simplifying complex fractions
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5. Missing absolute value signs in logarithms

Exam Tips

1. Show all steps clearly

. Double-check calculations

2
3. Use proper mathematical notation
4. Manage time effectively

5

. Attempt easier questions first
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